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                \begin{document}$\vert E \vert $\end{document}$ denotes the measure of *E*. Suppose *e* to be the unit element of *G*. Note that $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& C^{-1}_{1}r^{d} \leq V(r)\leq C_{1} r^{d}, \quad \forall 0\leq r\leq 1; \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& C^{-1}_{1}r^{D}\leq V(r)\leq C_{1} r^{D},\quad \forall 1\leq r< \infty, \end{aligned}$$ \end{document}$$ where *d* and *D* denote the local dimension and the dimension at infinity of *G*, and there is $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& V(2r)\leq C_{3} V(r). \end{aligned}$$ \end{document}$$ *Throughout this paper, we always assume that* $\documentclass[12pt]{minimal}
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                \begin{document}$L=-\Delta +W$\end{document}$ be the Schrödinger operator, where Δ is the sub-Laplacian on *G* and the nonnegative potential *W* belongs to the reverse Hölder class $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathcal{R}=\nabla (-\Delta +W)^{-\frac{1}{2}}. $$\end{document}$$ Let *b* be a locally integrable function on *G* and *T* be a linear operator. For a suitable function *f*, the commutator is defined by $\documentclass[12pt]{minimal}
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                \begin{document}$[b,T]f=bT(f)-T(bf)$\end{document}$. Many researchers have paid attention to the commutator on $\documentclass[12pt]{minimal}
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                \begin{document}$b \in \text{BMO} ( \mathbb{R}^{n})$\end{document}$, when *T* is a Calderón-Zygmund operator. Janson \[[@CR5]\] proved that the commutator is bounded from $\documentclass[12pt]{minimal}
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                \begin{document}$L^{q}(\mathbb{R}^{n})$\end{document}$ when *b* belongs to a larger Lipschitz space. Comparatively, there has been much less research on the commutator on nilpotent Lie groups. The goal of this paper will be to obtain some estimates for the commutator related to the Schrödinger operator on nilpotent Lie groups. The complicated structure of nilpotent Lie group will bring some essential difficulties to our estimates in the following sections.

Note that a non-negative locally $\documentclass[12pt]{minimal}
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                \begin{document}$$ \biggl( \frac{1}{\vert B \vert } \int_{B} W(y)^{q} \,\mathrm{d}y \biggr) ^{ \frac{1}{q}} \leq C \biggl( \frac{1}{\vert B \vert } \int_{B} W(y) \,\mathrm{d}y \biggr) $$\end{document}$$ holds for every ball *B* in *G*.

We first introduce an auxiliary function as follows.

Definition 1 {#FPar1}
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It is easy to see that this space is exactly the Lipschitz space when $\documentclass[12pt]{minimal}
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We also introduce the following maximal functions.

Definition 3 {#FPar3}
------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f \in L^{1}_{\mathrm{loc}}(G) $\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0 < \gamma < D$\end{document}$, the fractional maximal operator is defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} M_{\gamma }f(x)=\sup_{x\in B}\frac{r^{\gamma }}{\vert B\vert } \int_{B}\bigl\vert f(y)\bigr\vert \,\mathrm{d}y,\quad x\in G, \end{aligned}$$ \end{document}$$ where the supremum on the right-hand side is taken over all balls $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B \subseteq G$\end{document}$ and *r* is the radius of the ball *B*.

Definition 4 {#FPar4}
------------

Given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha >0$\end{document}$, the maximal functions for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f \in L_{\mathrm{loc}}^{1}(G)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in G$\end{document}$ are defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ M_{\rho ,\alpha }f(x)=\sup_{x\in B\in \mathscr{B}}\frac{1}{\vert B\vert } \int_{B}\bigl\vert f(y)\bigr\vert \,\mathrm{d}y $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ M_{\rho ,\alpha }^{\sharp }f(x)=\sup_{x\in B\in \mathscr{B}} \frac{1}{ \vert B\vert } \int_{B}\bigl\vert f(y)-f_{B}\bigr\vert \, \mathrm{d}y, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathscr{B}_{\rho ,\alpha }=\{B(y,r)\colon y\in G\mbox{ and }r \leq \alpha \rho (y)\}$\end{document}$.

We are in a position to give the main results in this paper.
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We immediately deduce Corollary [1](#FPar6){ref-type="sec"} by duality.
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Lemma 8 {#FPar14}
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Lemma 9 {#FPar15}
-------
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Some technical lemmas and propositions {#Sec3}
======================================

Proposition 1 {#FPar16}
-------------
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Proof {#FPar17}
-----
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                \begin{document} $$\begin{aligned} & \biggl( \frac{1}{\vert B(x,r)\vert } \int_{ B(x,r)}\bigl\vert h(y)-h _{B}\bigr\vert ^{s} \,\mathrm{d}y \biggr) ^{\frac{1}{s}} \\ &\quad \leq \biggl( \frac{1}{\vert B(x,r)\vert } \int_{ B(x,r)} \bigl\vert h(y)-h(x)\bigr\vert ^{s} \,\mathrm{d}y \biggr) ^{\frac{1}{s}}+ \biggl( \frac{1}{ \vert B(x,r)\vert } \int_{ B(x,r)}\bigl\vert h(x)-h_{B}\bigr\vert ^{s} \,\mathrm{d}y \biggr) ^{\frac{1}{s}} \\ &\quad \leq 2C \biggl( \frac{1}{\vert B(x,r)\vert } \int_{ B(x,r)} \biggl\vert \Vert h\Vert _{\operatorname{Lip} _{\nu }^{\theta }(G)}d^{\nu }(x,y) \biggl( 1+\frac{d(x,y)}{ \rho (x)}+\frac{d(x,y)}{\rho (y)} \biggr) ^{\theta }\biggr\vert ^{s} \, \mathrm{d}y \biggr) ^{\frac{1}{s}} \\ &\quad \leq C\Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)}r^{\nu } \biggl( 1+ \frac{r}{ \rho (x)}+\frac{r}{\rho (y)} \biggr) ^{\theta } \\ &\quad \leq C\Vert h\Vert _{\operatorname{Lip} _{\nu }^{\theta }(G)}r^{\nu } \biggl( 1+ \frac{r}{ \rho (x)} \biggr) ^{ ( l_{0}+1 ) \theta }, \end{aligned}$$ \end{document}$$ where we have used Lemma [6](#FPar12){ref-type="sec"} in the penultimate inequality. □

Similar to the proof of Proposition [1](#FPar16){ref-type="sec"}, we immediately get the following.

Lemma 10 {#FPar18}
--------
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Proposition 2 {#FPar19}
-------------
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Proposition 3 {#FPar20}
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For the proofs of Proposition [2](#FPar19){ref-type="sec"} and Proposition [3](#FPar20){ref-type="sec"}, one can refer to \[[@CR3]\].

Proposition 4 {#FPar21}
-------------
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Proposition 5 {#FPar22}
-------------
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Lemma 11 {#FPar23}
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                \begin{document} $$\begin{aligned} &\frac{1}{\vert Q\vert } \int_{Q}\bigl\vert \tilde{\mathcal{R}}(h-h _{Q})f_{1}(x)\bigr\vert \,\mathrm{d}x \\ &\quad \leq \biggl( \frac{1}{\vert Q\vert } \int_{Q}\bigl\vert \tilde{\mathcal{R}}(h-h_{Q})f_{1}(x) \bigr\vert ^{\tilde{m}} \,\mathrm{d}x \biggr) ^{1/\tilde{m}} \\ & \quad \leq C \biggl( \frac{1}{\vert Q\vert } \int_{Q}\bigl\vert (h-h _{Q})f(x)\bigr\vert ^{\tilde{m}} \,\mathrm{d}x \biggr) ^{1/\tilde{m}} \\ &\quad \leq C \biggl( \frac{1}{\vert Q \vert } \int_{2Q}\bigl\vert f(x)\bigr\vert ^{m} \, \mathrm{d}x \biggr) ^{1/m} \biggl( \frac{1}{\vert Q \vert } \int_{2Q}\bigl\vert h(x)-h _{Q}\bigr\vert ^{t}\,\mathrm{d}x \biggr) ^{1/t} \\ &\quad \leq C \biggl( \frac{(\rho (x_{0}))^{m\nu }}{\vert Q \vert } \int_{2Q} \bigl\vert f(x)\bigr\vert ^{m} \, \mathrm{d}x \biggr) ^{1/m} \Vert h\Vert _{\operatorname{Lip} _{\nu }^{\theta }(G)} \biggl( 1+ \frac{\rho (x_{0})}{\rho (x_{0})} \biggr) ^{(l_{0}+1)\theta } \\ & \quad \leq C \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)}\inf_{y\in Q} \bigl\{ M_{m\nu } \bigl( \vert f \vert ^{m} \bigr) ( y ) \bigr\} ^{ \frac{1}{m}}, \end{aligned}$$ \end{document}$$ where we have applied Proposition [1](#FPar16){ref-type="sec"} to the last but one inequality. Similarly, for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\vert \tilde{R}(h-h_{Q})f_{2}(x) \bigr\vert &= \biggl\vert \int _{d(x_{0},z)>2\rho (x_{0})} \tilde{\mathcal{\mathcal{K}}}(x,z) \bigl(h(z)-h _{Q}\bigr)f(z)\,\mathrm{d}z\biggr\vert \leq C \bigl\{ \tilde{I}_{1}(x)+\tilde{I}_{2}(x) \bigr\} , \end{aligned}$$ \end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\bigl\Vert \bigl[(h-h_{Q})f\bigr] { \chi_{B(x_{0},2^{k}\rho (x_{0}))}}\bigr\Vert _{ \tilde{m}} \\ & \quad \leq \Vert f_{\chi_{B(x_{0},2^{k}\rho (x_{0}))}}\Vert _{m}\bigl\Vert (h-h _{Q}){\chi_{B(x_{0},2^{k}\rho (x_{0}))}}\bigr\Vert _{t} \\ & \quad \leq C \biggl( \int_{B(x_{0},2^{k}\rho (x_{0}))}\bigl\vert f(y)\bigr\vert ^{m}\, \mathrm{d}y \biggr) ^{1/m} \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \bigl(2^{k}\rho (x_{0})\bigr)^{ \nu } \bigl(1+2^{k}\bigr)^{(l_{0}+1)\theta }V^{1/t}\bigl(2^{k} \rho (x_{0})\bigr) \\ & \quad \leq C 2^{k(l_{0}+1)\theta }V^{1/\tilde{m}}\bigl(2^{k}\rho (x_{0})\bigr)\Vert h \Vert _{\operatorname{Lip} _{\nu }^{\theta }(G)}\inf _{y\in Q} \bigl\{ M_{m\nu } \bigl( \vert f \vert ^{m} \bigr) ( y ) \bigr\} ^{\frac{1}{m}}. \end{aligned}$$ \end{document}$$ For $\documentclass[12pt]{minimal}
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Lemma 12 {#FPar25}
--------
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Proof {#FPar26}
-----
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                \begin{document} $$\begin{aligned} J_{1} &= \frac{1}{\vert B \vert } \int_{B}\bigl\vert A_{1}f(y)\bigr\vert \, \mathrm{d}y \\ &= \frac{1}{\vert B \vert } \int_{B}\bigl\vert \bigl(h(y)-h_{2B}\bigr) \tilde{\mathcal{R}}f(y)\bigr\vert \,\mathrm{d}y \\ &\leq \frac{C}{\vert B \vert } \biggl[ \int_{B}\bigl\vert h(y)-h_{2B} \bigr\vert ^{\frac{m}{m-1}} \,\mathrm{d}y \biggr] ^{\frac{m-1}{m}} \biggl[ \int_{B}\bigl\vert \tilde{\mathcal{R}}f(y) \bigr\vert ^{m}\,\mathrm{d}y \biggr] ^{\frac{1}{m}} \\ &\leq \frac{C}{\vert B \vert } \biggl[ \int_{2B}\bigl\vert h(y)-h_{2B} \bigr\vert ^{ \frac{m}{m-1}}\,\mathrm{d}y \biggr] ^{\frac{m-1}{m}} \biggl[ \int _{B}\bigl\vert \tilde{\mathcal{R}}f(y) \bigr\vert ^{m}\,\mathrm{d}y \biggr] ^{\frac{1}{m}} \\ &\leq \frac{C}{\vert B \vert }\Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \biggl( 1+ \frac{2r}{ \rho (x_{0})} \biggr) ^{(l_{0}+1)\theta } r^{\nu }\vert B\vert ^{ \frac{m-1}{m}} \biggl[ \int_{B}\bigl\vert \tilde{\mathcal{R}}f(y) \bigr\vert ^{m}\, \mathrm{d}y \biggr] ^{\frac{1}{m}} \\ &\leq \frac{C}{\vert B \vert }\Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \biggl( 1+ \frac{2 \epsilon \rho (x_{0})}{\rho (x_{0})} \biggr) ^{(l_{0}+1)\theta } r^{ \nu }\vert B\vert ^{\frac{m-1}{m}} \biggl[ \int_{B}\bigl\vert \tilde{\mathcal{R}}f(y) \bigr\vert ^{m}\,\mathrm{d}y \biggr] ^{\frac{1}{m}} \\ &\leq C^{\prime} \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \biggl( \frac{r ^{m\nu }}{\vert B \vert } \int_{B}\bigl\vert \tilde{\mathcal{R}} f(y) \bigr\vert ^{m} \, \mathrm{d}y \biggr) ^{ \frac{1}{m}} \\ & \leq C^{\prime} \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \bigl\{ M_{m \nu } \bigl( \vert \tilde{\mathcal{R}} f \vert ^{m} \bigr) ( x ) \bigr\} ^{\frac{1}{m}} \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} J_{2} &\leq \frac{1}{\vert B \vert } \int_{B} \bigl\vert A_{2}f(y) \bigr\vert \, \mathrm{d}y \\ & \leq \biggl( \frac{1}{\vert B \vert } \int_{B} \bigl\vert A_{2}f(y) \bigr\vert ^{\tilde{m}}\, \mathrm{d}y \biggr) ^{\frac{1}{\tilde{m}}} \\ & \leq C \biggl( \frac{1}{\vert B \vert } \biggr) ^{\frac{1}{\tilde{m}}} \biggl( \int_{2B}\bigl\vert \bigl(h(y)-h_{2B}\bigr)f(y) \bigr\vert ^{\tilde{m}}\, \mathrm{d}y \biggr) ^{\frac{1}{\tilde{m}}} \\ & \leq \frac{C}{\vert B \vert ^{\frac{1}{\tilde{m}}}} \biggl( \int_{2B} \bigl\vert h(y)-h_{2B}\bigr\vert ^{\frac{m\tilde{m}}{m-\tilde{m}}} \, \mathrm{d}y \biggr) ^{\frac{1}{\tilde{m}}-\frac{1}{m}} \biggl( \int _{2B}\bigl\vert f(y) \bigr\vert ^{m}\, \mathrm{d}y \biggr) ^{\frac{1}{m}} \\ & \leq C \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)}r^{\nu } \biggl( 1+ \frac{2r}{ \rho (x_{0})} \biggr) ^{(l_{0}+1)\theta } \biggl( \frac{1}{\vert B \vert } \biggr) ^{\frac{1}{m}} \biggl( \int_{2B}\bigl\vert f(y) \bigr\vert ^{m}\, \mathrm{d}y \biggr) ^{\frac{1}{m}} \\ & \leq C \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)}r^{\nu } \biggl( 1+ \frac{2 \epsilon \rho (x_{0})}{\rho (x_{0})} \biggr) ^{(l_{0}+1)\theta } \biggl( \frac{1}{\vert B \vert } \biggr) ^{\frac{1}{m}} \biggl( \int_{2B}\bigl\vert f(y) \bigr\vert ^{m}\, \mathrm{d}y \biggr) ^{\frac{1}{m}} \\ & \leq C^{\prime} \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \biggl( \frac{r ^{m\nu }}{\vert B \vert } \int_{2B}\bigl\vert f(y) \bigr\vert ^{m}\, \mathrm{d}y \biggr) ^{ \frac{1}{m}} \\ & \leq C^{\prime} \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \biggl( \frac{(2r)^{m \nu }}{\vert 2B \vert } \int_{2B}\bigl\vert f(y) \bigr\vert ^{m}\, \mathrm{d}y \biggr) ^{ \frac{1}{m}} \\ & \leq C^{\prime} \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \bigl\{ M_{m \nu } \bigl( \vert f \vert ^{m} \bigr) ( y ) \bigr\} ^{\frac{1}{m}}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} J_{3} &= \frac{1}{\vert B \vert } \int_{B} \bigl\vert A_{3}f(y)-c \bigr\vert \, \mathrm{d}y \\ & \leq \frac{1}{\vert B \vert } \int_{B} \biggl\vert \int_{d(x_{0},z)>2r} \bigl(\tilde{\mathcal{K}}(y,z)-\tilde{ \mathcal{K}}(x_{0},z)\bigr) \bigl(h(z)-h_{2Q}\bigr)f(z) \, \mathrm{d}z\biggr\vert \,\mathrm{d}y \\ & \leq \frac{1}{\vert B \vert } \int_{B} \sum_{k=1}^{\infty } \int _{2^{k}r\leq d(x_{0},z)< 2^{k+1}r} \bigl\vert \bigl(\tilde{\mathcal{K}}(y,z)- \tilde{\mathcal{K}}(x_{0},z)\bigr) \bigl(h(z)-h_{2Q} \bigr)f(z)\bigr\vert \,\mathrm{d}z\, \mathrm{d}y \\ & \leq \frac{\Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)}}{\vert B \vert } \int _{B} \sum_{k=1}^{\infty }2^{k\nu }r^{\nu } \frac{C}{ ( 1+2^{k}r/ \rho (x_{0}) ) ^{N-(l_{0}+1)\theta }} \frac{r^{\delta }}{(2^{k}r)^{ \delta }V^{\frac{1}{m}-\frac{1}{s}}(2^{k}r)} \\ & \quad \times \biggl( \int_{d(x_{0},z)< 2^{k+1}r}\bigl\vert f(z) \bigr\vert ^{m}\, \mathrm{d}z \biggr) ^{\frac{1}{m}} \\ & \leq C \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \sum_{k=1}^{ \infty } \frac{C_{N}}{ ( 1+2^{k}r/\rho (x_{0}) ) ^{N-(l_{0}+1) \theta }} \frac{r^{\delta }}{(2^{k}r)^{\delta }V^{1/m}(2^{k}r)}\frac{(2^{k}r)^{ \nu }}{(2^{k+1}r)^{\nu }}V^{\frac{1}{m}} \bigl(2^{k+1}r\bigr) \\ & \quad \times \biggl( \frac{(2^{k+1}r)^{m\nu }}{V(2^{k+1}r)} \int _{d(x_{0},z)< 2^{k+1}r}\bigl\vert f(z) \bigr\vert ^{m}\, \mathrm{d}z \biggr) ^{ \frac{1}{m}} \\ & \leq C \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \sum_{k=1}^{ \infty }2^{-k\delta } \frac{C_{N}}{ ( 1+2^{k}r/\rho (x_{0}) ) ^{N-(l_{0}+1)\theta }} \bigl\{ M_{m\nu } \bigl( \vert f \vert ^{m} \bigr) ( y ) \bigr\} ^{\frac{1}{m}} \\ & \leq C \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \bigl\{ M_{m \nu } \bigl( \vert f \vert ^{m} \bigr) ( y ) \bigr\} ^{\frac{1}{m}} \end{aligned}$$ \end{document}$$ if we choose *N* sufficiently large.
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                \begin{document} $$\begin{aligned} & \biggl( \int_{2^{k}r\leq d(x_{0},z)< 2^{k+1}r}\bigl\vert \tilde{\mathcal{K}}(y,z)- \tilde{ \mathcal{K}}(x_{0},z)\bigr\vert ^{p}\,\mathrm{d}z \biggr) ^{ \frac{1}{p}} \biggl( \int_{2^{k}r\leq d(x_{0},z)< 2^{k+1}r}\bigl\vert h(z)-h _{2B}\bigr\vert ^{t}\,\mathrm{d}z \biggr) ^{\frac{1}{t}} \\ & \quad \leq \frac{C_{N}r^{\delta }(2^{k}r)^{1-\delta }}{V(2^{k}r) ( 1+2^{k}r/ \rho (x_{0}) ) ^{N}} \biggl( \int _{2^{k}r\leq d(x_{0},z)< 2^{k+1}r}\biggl\vert \int_{B(z,2^{k+3}r)} \frac{d(z,y)W(y)}{V(z,y)} \,\mathrm{d}y\biggr\vert ^{p}\,\mathrm{d}z \biggr) ^{\frac{1}{p}} \\ & \quad \quad {}\times \biggl( \int_{2^{k}r\leq d(x_{0},z)< 2^{k+1}r} \bigl\vert h(z)-h_{2B}\bigr\vert ^{t}\,\mathrm{d}z \biggr) ^{\frac{1}{t}} \\ &\quad \quad {}+ \frac{C _{N}\Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)}2^{l\nu }r^{\nu }}{ ( 1+2^{k}r/\rho (x_{0}) ) ^{N-(l_{0}+1)\theta }} \frac{r^{ \delta }}{(2^{k}r)^{\delta }V^{1/m}(2^{k}r)} \\ & \quad \leq \frac{C_{N}\Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)}2^{l \nu }r^{\nu }}{ ( 1+2^{k}r/\rho (x_{0}) ) ^{N-(l_{0}+1)\theta }} \\ & \quad \quad {}\times \biggl[ \frac{r^{\delta }(2^{k}r)^{1-\delta }}{V^{ \frac{t-1}{t}}(2^{k}r)} \biggl( \int_{B(x_{0},2^{k+3}r)}W^{q_{1}}(z) \,\mathrm{d}z \biggr) ^{\frac{1}{q_{1}}}+\frac{r^{\delta }}{(2^{k}r)^{ \delta }V^{1/m}(2^{k}r)} \biggr] \\ & \quad \leq \frac{C_{N}\Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)}2^{l \nu }r^{\nu }}{ ( 1+2^{k}r/\rho (x_{0}) ) ^{N-(l_{0}+1)\theta }} \\ & \quad \quad{} \times \biggl[ \frac{r^{\delta }V^{\frac{1}{q_{1}}}(2^{k}r)(2^{k}r)^{-1- \delta }}{V^{\frac{t-1}{t}}(2^{k}r)} \biggl( \frac{(2^{k+3}r)^{2}}{V(2^{k+3}r)} \int_{B(x_{0},2^{k+3}r)}W(z) \,\mathrm{d}z \biggr) +\frac{r^{ \delta }}{(2^{k}r)^{\delta }V^{1/m}(2^{k}r)} \biggr] \\ & \quad \leq \frac{C_{N}\Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)}2^{l \nu }r^{\nu }}{ ( 1+2^{k}r/\rho (x_{0}) ) ^{N-l_{1}-(l_{0}+1) \theta }} \biggl( \frac{r^{\delta }V^{\frac{1}{q_{1}}}(2^{k}r)(2^{k}r)^{-1- \delta }}{V^{\frac{t-1}{t}}(2^{k}r)} +\frac{r^{\delta }}{(2^{k}r)^{ \delta }V^{1/m}(2^{k}r)} \biggr) \\ & \quad \leq \frac{C\Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)}2^{l\nu }r ^{\nu }}{ ( 1+2^{k}r/\rho (x_{0}) ) ^{N-l_{1}-(l_{0}+1)\theta }} \frac{r^{\delta }}{(2^{k}r)^{\delta }V^{1/m}(2^{k}r)}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} J_{3} &= \frac{1}{\vert B \vert } \int_{B} \bigl\vert A_{3}f(y)-c \bigr\vert \, \mathrm{d}y \\ & \leq \frac{1}{\vert B \vert } \int_{B} \biggl\vert \int_{d(x_{0},z)>2r} \bigl(\tilde{\mathcal{K}}(y,z)-\tilde{ \mathcal{K}}(x_{0},z)\bigr) \bigl(h(z)-h_{2Q}\bigr)f(z) \, \mathrm{d}z\biggr\vert \,\mathrm{d}y \\ & \leq \frac{1}{\vert B \vert } \int_{B} \sum_{k=1}^{\infty } \int _{2^{k}r\leq d(x_{0},z)< 2^{k+1}r} \bigl\vert \bigl(\tilde{\mathcal{K}}(y,z)- \tilde{\mathcal{K}}(x_{0},z)\bigr) \bigl(h(z)-h_{2Q} \bigr)f(z)\bigr\vert \,\mathrm{d}z\, \mathrm{d}y \\ & \leq \frac{\Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)}}{\vert B \vert } \int _{B} \sum_{k=1}^{\infty }2^{k\nu }r^{\nu } \frac{C}{ ( 1+2^{k}r/ \rho (x_{0}) ) ^{N-l_{1}-(l_{0}+1)\theta }} \frac{r^{\delta }}{(2^{k}r)^{ \delta }V^{\frac{1}{m}-\frac{1}{s}}(2^{k}r)} \\ & \quad \times \biggl( \int_{d(x_{0},z)< 2^{k+1}r}\bigl\vert f(z) \bigr\vert ^{m}\, \mathrm{d}z \biggr) ^{\frac{1}{m}} \\ & \leq C \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \sum_{k=1}^{ \infty } \frac{C_{N}}{ ( 1+2^{k}r/\rho (x_{0}) ) ^{N-l_{1}-(l _{0}+1)\theta }} \frac{r^{\delta }}{(2^{k}r)^{\delta }V^{1/m}(2^{k}r)}\frac{(2^{k}r)^{ \nu }}{(2^{k+1}r)^{\nu }}V^{\frac{1}{m}} \bigl(2^{k+1}r\bigr) \\ & \quad \times \biggl( \frac{(2^{k+1}r)^{m\nu }}{V(2^{k+1}r)} \int _{d(x_{0},z)< 2^{k+1}r}\bigl\vert f(z) \bigr\vert ^{m}\, \mathrm{d}z \biggr) ^{ \frac{1}{m}} \\ & \leq C \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \sum_{k=1}^{ \infty }2^{-k\delta } \frac{C_{N}}{ ( 1+2^{k}r/\rho (x_{0}) ) ^{N-l_{1}-(l_{0}+1)\theta }} \bigl\{ M_{m\nu } \bigl( \vert f \vert ^{m} \bigr) ( y ) \bigr\} ^{\frac{1}{m}} \\ & \leq C \Vert h\Vert _{\operatorname{Lip}_{\nu }^{\theta }(G)} \bigl\{ M_{m \nu } \bigl( \vert f \vert ^{m} \bigr) ( y ) \bigr\} ^{\frac{1}{m}}, \end{aligned}$$ \end{document}$$ if we choose *N* sufficiently large. □

Proof of the main result {#Sec4}
========================
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Conclusions {#Sec5}
===========
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                \begin{document}$h\in \operatorname{Lip}^{\theta }_{\nu }$\end{document}$. We generalize the corresponding results on the Euclidean space in \[[@CR6]\] to the nilpotent Lie group, and they may have some applications in harmonic analysis and PDE on the Lie group.
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